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Some technical aspects of Cluster Perturbation Theory (CPT) are presented. CPT is an approximation scheme for calculating the oneparticle Green function of the Hubbard model of interacting electrons on a lattice. It proceeds by (i) dividing the lattice into identical clusters
and calculating the Green function by exact diagonalization on a given cluster (ii) extending this Green function to the whole lattice by using
Dyson’s equation. The exact diagonalization technique for the Hubbard model is explained in some detail. Embedding the cluster in the full
lattice is then discussed, and two alternate emdedding schemes are briefly described.
Quelques aspects techniques de la théorie des perturbations inter-amas (CPT) sont présentés. La CPT est une méthode approximative
pour le calcul de la fonction de Green à une particule du modèle de Hubbard, qui décrit des électrons en interaction sur un réseau cristallin.
Elle procède par (i) dallage du réseau en amas identiques et calcul de la fonction de Green par diagonalisation exacte sur un amas (ii)
extension de ce résultat au réseau entier via l’équation de Dyson. La méthode de diagonalisation exacte du modèle de Hubbard est expliquée
en détail. L’insertion de l’amas dans le réseau est aussi discutée, et deux méthode d’insertion alternatives sont décrites.

1 Introduction
1.1 Context
The quantum theory of electrons in solids is a complicated many-body problem. Even if we accept that
core electrons are well localized within atoms, solving
the Schrödinger equation for the outer electrons of every atom in a crystal is impossible and practical approximation schemes must be developed. The most common
starting point is the independent-electron approximation :
each electron is moving in the average potential created by
all the others (including the exchange potential), but they
are otherwise independent. In principle, the best approximate solution within this scheme is obtained by solving the
Hartree-Fock equations. In practice, one uses even simpler
approximations, such as the local density approximation
(LDA) of Density Functional Theory (DFT, for a review,
see [1]). Calculating the band structure of solids within
that approximation has become an almost standard procedure, and very efficient programs are available for this task.
However, the very notion of band structure is approximate. It merely provides a basis of states in terms of
which the two-body interaction between electrons is, in
some sense, minimal. Basic semiconductor Physics is
based largely on this picture. So is our understanding of ordinary metals, provided the residual interactions are taken
into account in a perturbative way. The Landau theory of
Fermi liquids aims precisely at preserving the physical picture of independent electrons while taking into account the
main effects of residual electron-electron interactions [2].
However, in a large class of materials – called strongly correlated – those residual interactions are too strong and the
picture of independent electrons breaks down completely
(see, e.g., [3]). Such are the high-temperature superconductors, organic conductors, colossal magneto-resistance
materials, and so on. Strongly correlated materials are
typically very anisotropic (quasi two-dimensional or quasi

one-dimensional), because in low dimensions quantum or
thermal fluctuations suppress the onset of broken symmetry
phases that would otherwise replace the high-temperature
metallic phase. The latter evolves instead towards a quantum state poorly described in terms of one-electron states.
1.2 The Hubbard model
The most basic model commonly used to study the behavior of electrons with strong residual interactions in the
Hubbard model [4]. It is usually expressed in the Wannier
basis and assumes that the residual electrostatic repulsion
between electrons is purely local, i.e., felt only between
electrons states located on the same atom (or lattice site).
The Hamiltonian reads
X
X
H=−
tij c†iσ cjσ + U
ni↑ ni↓
(1)
i,j,σ

i

where cjσ annihilates an electron of spin σ (↑ or ↓) in a
Wannier state centered on site j of the lattice and njσ =
c†jσ cjσ is the number of electrons in that state. U is the
strength of on-site electrostatic repulsion and tij is the
probability amplitude for an electron to hop from site j to
site i. If U = 0, this model reduces to the tight-binding description of a band of independent electrons, the dispersion
relation being
ε(k) =

1 X
tij eik·(ri −rj )
N i,j

(2)

where N is the number of lattice sites (N → ∞) and ri
the position of site i. On the other hand, when U is large
compared to tij , the strong repulsion suppresses states with
more than one electron per site, and this favors an insulating state, at least when the system contains one electron
per site on average (density n = 1). Thus, the degree of
correlations can be tuned by varying the ratio U/tij .

‘Solved’ here means that the real-space Green function
(c)
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Figure 1. An example of 9-site cluster on a square lattice. The
numbering of sites used in practice is illustrated. Full lines indicate intra-cluster hoppings, and dashed-line inter-cluster hoppings.

is calculated. The superscript (c) stands for ‘cluster’ : this
Green function describes the motion of electrons on a small
cluster only.
The hopping terms with m 6= n, that connect different
clusters, are treated approximately: We write
(c)

mn
tmn
ab = tab δmn + Vab

1.3 Cluster Perturbation Theory

(c)

In this paper we will explain in some detail the numerical
aspects of an approximate method for calculating the oneparticle properties of the Hubbard model. This method,
called Cluster Perturbation Theory (or CPT [5,6]) is based
on the exact diagonalization of the Hubbard model on a
small cluster of sites (typically a dozen), and on a particular way to extend the results of a cluster to the full infinite
lattice. We will restrict the discussion to some methodological aspects that are not covered in detail in [5,6].
The quantity we wish to calculate is the one-particle
Green function G(k, z), defined as
= Ge (k, z) + Gh (k, z)
1
Ge (k, z) = hΩ|c(k)
c† (k)|Ωi
z − H + E0
1
Gh (k, z) = hΩ|c† (k)
c(k)|Ωi
z + H − E0

G(k, z)

η→0

where tab is the hopping amplitude within a cluster, which
mn
is accounted for exactly, and Vab
the remainder, corresponding to inter-cluster hopping. In terms of matrices
with indices (a, m) and (b, n), our approximation consists
in taking the full Green function to be
Ĝ−1 = Ĝ(c)−1 − V̂

(3)

(4)

which is the probability for an electron of momentum h̄k
to have an energy h̄ω. The negative-frequency part of this
function (coming from Gh ) is experimentally accessible by
angle-resolved photoemission spectroscopy (ARPES).
Cluster perturbation theory proceeds by first tiling the infinite lattice into identical clusters of L sites (L ≤ 16; see
for instance, Fig. 1. The hopping amplitude of the Hubbard
model can then be labelled as tmn
ab , where the subscripts refer to sites within a cluster, and the superscripts to clusters.
The terms with m = n, together with the local interaction of the Hubbard model, define a model local to a given
cluster, that can be solved numerically by a suitable exact
diagonalization technique, as described in the next section.

(8)

This can be viewed as the lowest order approximation in a
formal perturbation expansion in powers of |V |/U , where
|V | stands for the typical size of an inter-cluster hopping
amplitude [6]. It can also be viewed, more heuristically, as
an approximation where the full self-energy Σ̂ of the model
is replaced by the cluster self-energy [7]. Recall that the
self-energy is defined by Dyson’s equation
Ĝ−1 = Ĝ−1
0 − Σ̂

where c(k) and c† (k) respectively annihilate and create an
electron of wavevector k (the spin index of these operators
is suppressed). E0 is the ground-state energy. From the
Green function many other quantities can be derived, such
as the spectral function
A(k, ω) = −2 lim+ Im G(k, ω + iη)

(7)

(9)

where Ĝ0 is the noninteracting Green function (U = 0):
(c)
Ĝ−1
− V̂
0 = ω − t̂ = ω − t̂

(10)

Applying Dyson’s equation to the exact, cluster Green
function gives
Ĝ(c)−1 = ω − t̂(c) − Σ̂(c)

(11)

and Eq. (8) may then be written as
(c)
Ĝ−1 = Ĝ−1
0 − Σ̂

(12)

Eq. (8), or its equivalent form (12), is the basic equations
of Cluster Perturbation Theory.

2 Exact Diagonalization
The numerically intensive part of the problem, at least as
far as memory is concerned, is the exact diagonalization,
(c)
i.e. the calculation of Gab . We will describe the method
used in some detail, even though it is fairly straightforward,
because the nuts and bolts, at least applied to the Hubbard
model, are not necessarily easy to find in the literature.

2.1 Coding of the states
The first step in the exact diagonalization procedure is
to define a coding scheme for the quantum basis states. A
basis state may be specified by the occupation number naσ
(= 0 or 1) of electrons spin σ at the site a (a = 1, . . . , L).
Thus the string of naσ ’s forms the binary representation of
a 32-bit unsigned integer (if L ≤ 16) and represents the
state
(c†1↑ )n1↑ · · · (c†L↑ )nL↑ (c†1↓ )n1↓ · · · (c†L↓ )nL↓ |0i

(13)

where the order in which the creation operators are applied
is a matter of convention, but important.
There are 22L such states, but not all are relevant, since
the Hamiltonian of the Hubbard model is block-diagonal :
the number of electrons of a given spin (N↑ and N↓ ) are
conserved quantities, which commute with the Hamiltonian H. The exact diagonalization is to be performed in a
sector (i.e. a subspace) of the total Hilbert space with fixed
values of N↑ and N↓ . The number of states with these fixed
values, i.e. the dimension of the relevant sector, is



L!
L!
d=
(14)
N↑ !(L − N↑ )!
N↓ !(L − N↓ )!
Note that the ground state |Ωi of the Hamiltonian generally belongs to the sector N↑ = N↓ . The density n =
(N↑ + N↓ )/L is fixed in a given calculation; it can only
take a limited number of values (although the use of “superclusters” gives us more flexibility in this matter [6]).
Since the number of states is less than 22L , one needs
a lookup table that gives the index of a given state from
its binary representation (n1↑ · · · nL↓ ). This table can be
deleted as soon as the Hamiltonian matrix has been built,
before allocating the Lanczös vectors.
The next step is to construct the Hamiltonian matrix in
the chosen sector. The particular structure of the Hubbard model Hamiltonian brings a considerable simplification. Indeed, the Hilbert space is the tensor product of a
space of ‘up’ electrons with a space of ‘down’ electrons
(H = H↑ ⊗ H↓ ), of dimension d = d↑ d↓ . The Hamiltonian has the form
H = K↑ ⊗ 1 + 1 ⊗ K↓ + Vint.

(15)

where K↑ only acts on the up electrons and K↓ on the down
electrons, and where the Coulomb repulsion term Vint. (the
second term of (1)) is diagonal in the basis chosen. Thus
storing the Hamiltonian in memory is not a problem : the
diagonal Vint. is stored (an array of size d), and the kinetic energy Kσ (a matrix having a small fraction of d2σ
elements) is stored in sparse form. Constructing this matrix, formally expressed as
X
K=
tab c†a cb ,
(16)
a,b

needs some care with the signs. Basically, two states |ψi
and |ψ 0 i are connected with this matrix if their binary representations (n1 , n2 , . . . , nL ) (see Eq. (13)) differ at two

positions i and j. The matrix element is then (−1)Mab tab ,
where Mab is the number of occupied sites between a and
b, i.e., assuming a < b,
Mab =

b−1
X

nc

(17)

c=a+1

For instance, the two states (10010110) and (10011100)
with L = 8 are connected with the matrix element +t46 ,
where the sites are numbered from 0 to L − 1.
2.2 The Lanczös algorithm
Next, one must apply the exact diagonalization method
per se, using the Lanczös algorithm. Calculating the Green
function (5) requires a two-step procedure.
2.2.1 First step: the ground state
In the first step, the ground state |Ωi is obtained from two
consecutive sequences of Lanczös iterations : the first sequence to find the tridiagonal representation of the Hamiltonian, and the second one to find the ground state itself.
The sequence of states built during the Lanczös procedure
obey a two-step recursion relation:
|φn+1 i = H|φn i − an |φn i − b2n |φn−1 i

(18)

where
an =

hφn |H|φn i
hφn |φn i

b2n =

hφn |φn i
hφn−1 |φn−1 i

(19)

and we set the initial conditions b0 = 0, |φ−1 i = 0. At
any given step, only three state vectors are kept in memory (φn+1 , φp
n and φn−1 ). In the basis of normalized states
|ni = |φn i/ hφn |φn i, the Hamiltonian has the tridiagonal form


a0 b 1 0 0 · · · 0
 b 1 a2 b 2 0 · · · 0 


0 b 2 a3 b 3 · · · 0 
(20)
H =
 .
.. 
.. . .
..
..

 ..
.
.
.
.
.
0 0 0 0 · · · aN
The initial state |φ0 i is chosen at random. The iteration
sequence terminates when either (i) the lowest eigenvalue
of the tridiagonal Hamiltonian converges, (ii) b2n is smaller
than a chosen value (e.g. 10−14 in double-precision arithmetic) or (iii) the number of iterations has reached a preset maximum (typically a few hundreds). The ground state
energy E0 and the ground state |Ωi are very well approximated by the lowest eigenvalue and the corresponding
eigenvector of that matrix, which are obtained by standard
methods. This provides us with the ground state |Ωi in the
reduced basis {φn }. But we need the ground state in the
original basis, and this requires retracing the Lanczös iterations a second time – for the |φn i are not stored in memory
– and constructing the ground state progressively at each
iteration from the known coefficients hΩ|φn i.

2.2.2 Second step: the Green function
Once the ground state is known, the second step of the
procedure consists in calculating the Green function (5).
Because the Hubbard model conserves spin, we need only
to consider the creation and annihilation of up-spin elec(c)
trons. Consider first the case a = b in Gaa,e . One first
calculates the state |φi = c†a |Ωi, and then
G(c)
aa,e = hφ|

1
|φi
z − H + E0

(21)

This expression is again calculated using the Lanczös algorithm. A Lanczös sequence is calculated from the initial,
normalized state |φ0 i = |φi/b0 where b20 = hφ|φi. This
sequence generates a tridiagonal representation of H, albeit in a different Hilbert space sector : that with N↑ + 1
up-spin electrons and N↓ down-spin electrons. Once the
preset maximum number of Lanczös steps, or a minimum
value of bn , has been reached, the tridiagonal representation (20) may then be used to calculate (21). This amounts
to the matrix element b20 [(z − H + E0 )−1 ]00 (the first element of the inverse of a tridiagonal matrix), which has a
simple continued fraction form :
b20

G(c)
aa,e =

b21

z − a0 −
z − a1 −

(22)

b22
z − a2 − · · ·

2.4 Memory requirements

Thus, evaluating the Green function, once the arrays {an }
and {bn } have been found, reduces to the calculation of a
finite continued fraction.
Consider next the case a 6= b. The continued fraction
representation applies only to the case where the same state
|φi appears on the two sides of (21). If a 6= b, this is no
longer the case, but we may use the following trick : we
define the combinations
G±
ab,e (z) = hΩ|(ca ± cb )

1
(ca ± cb )† |Ωi (23)
z − H + E0

Using the symmetry Gab,e (z) = Gba,e (z), this leads to
Gab,e (z) =

1 +
(G (z) − G−
ab,e (z))
4 ab,e

Lanczös sequences to perform, instead of being L2 , reduces to L(L + 1)/2. On a two-dimensional, rectangular cluster, reflections about the center along the x and y
directions, and their combination, reduces the number of
sequences by a factor of 4 in the limit of a large cluster,
but in practice, for a 3 × 4 cluster, from 122 = 144 to 48.
On a square cluster, the symmetry is even higher since rotations of π/2 generate an additional set of transformations
that can further reduce the number of pairs, by a factor 8
in the limit of large square clusters, but in practice from
162 = 256 to 55 for a 4 × 4 cluster, the largest one practically available.
Using these symmetries not only saves times because of
the economy in Lanczös sequences, but also later in the
calculation, when the cluster Green function is calculated
from the continued fraction representation {an , bn }. That
calculation is performed only for pairs of sites (a, b) unrelated by symmetry.
The symmetry of the cluster could also be used to reduce
the size of the Hilbert space considered in the Lanczös procedure. Indeed, the Hamiltonian would be block-diagonal
in a new basis of eigenfunctions of these symmetry operations. However, this has not been implemented by us, basically because the complexity of the coding involved and
the development time needed would, in our opinion, offset
the benefits.

(24)

where G±
ab,e can be calculated in the same way as Gaa,e ,
i.e., with a simple continued fraction. We proceed likewise
for G±
ab,h (z).

The memory needed to perform the exact diagonalization comes mainly from storing the diagonal part of
the Hamiltonian matrix and three Lanczös vectors, which
means 4d double precision floating point numbers. For a
half-filled, 12 site cluster, d = 853, 776 and this is modest 26 MB. Had we needed to store the full kinetic energy
operator K instead of its tensor product factors, this would
have been multiplied by roughly four. But the growth of
the Hilbert space is exponential as a function of system
size. The same procedure with a half-filled 16 site cluster
would require slightly over 5.0 GB of memory. Computing time also explodes, since the Lanczös procedure scales
like d ln d and the number of Lanczös sequences needed for
calculating the Green function scales like L2 .
Once the Lanczös sequences are over, one needs to
keep in memory the tridiagonal representations {an , bn }
for each nonequivalent pair (a, b), which takes negligible
memory. The calculation then proceeds to the next phase,
described in the following section.

2.3 Cluster symmetries
One does not need to perform the second Lanczös step
for each pair (a, b) of sites on the cluster, since some pairs
are related by symmetries of the cluster, such as reflections
and rotations. For instance, in a one-dimensional cluster
of length L, a reflection with respect to the cluster’s center sends site a (a = 0, 1, . . . , L − 1) to site L − a − 1.
The cluster Hamiltonian is invariant under such a reflec(c)
(c)
tion, and so Ga,b = GL−a−1,L−b−1 . The number of

3 Embedding the cluster in the lattice
3.1 Restoring translation invariance
Let us go back the basic formulas 8 or 12 of Cluster Perturbation Theory. The indices m, n labelling different clusters can be replaced by wavevector indices in the description of inter-cluster quantities, through a Fourier transform.
For instance, the inter-cluster hoppings may be arranged in

a L × L matrix Vab (K), where K is a wavevector in the
Brillouin zone of the lattice of clusters (the so-called superlattice) :
X 0,n
(25)
ta,b eiK·rn
Vab (K) =

k

(a)

π

n

where rn is the position of the cluster labelled n with respect to the position of the “base” cluster. We then write
Eq. 8 as
Ĝ−1 (K, ω) = Ĝ(c)−1 (ω) − V̂ (K)

π/2
0

(26)

where frequency dependence has been explicitly restored,
to stress that the matrix V (K) is frequency independent.
mn
Since inter-cluster hoppings Vab
are treated differently
(c)
from intra-cluster hoppings (tab ), the full translation symmetry of the lattice is broken, and must be restored in some
way. The procedure we adopt, explained in Ref. [6], is to
perform a residual Fourier transform in order to obtain a
fully momentum dependent Green function:
GCPT (k, ω) =

L
1 X
Gab (k, ω)e−ik·(ra −rb )
L

k

(b)

π

π/2

(27)

-2t

a,b=1

0

0

2t

ω

(c)

where ra is the position of site a within the cluster. We
have replaced the wavevector K, belonging to the reduced
Brillouin zone (the Brillouin zone of the superlattice), by
the wavevector of interest k belonging to the full Brillouin
zone. The difference q = K − k belongs to the reciprocal
superlattice, and so Vab (K) = Vab (k) since eiq·rn = 1.
To summarize, evaluating the Green function for a given
wavevector k and complex frequency ω → z proceeds according to the following steps:
(c)

1. For that value of z, the cluster Green function Gab is
calculated from the continued fraction representation
(22) – whose coefficients were stored in memory –
for all pairs (a, b) of sites that are not related by a
symmetry of the cluster.
2. For that value of k, one forms the matrix Vab (k) following Eq. (25) and calculates the matrix
!
Ĝ(c) (z)
Ga,b (k, z) =
(28)
1 − V̂ (k)Ĝ(c) (z) a,b
which implies two multiplications and one inversion
of a complex-valued matrix of dimension L.

2t
0ω
0

π/4

π/2
k

3π/4

π

–2t

Figure 2. The spectral function of the U → ∞ limit of the onedimensional Hubbard model, as calculated from (a) an exact diagonalization of the Hubbard model with U/t = 100 on a periodic 12-site cluster; (b) the same, but with CPT, on a 12-site cluster with open boundary conditions; (c) the exact solution, taken
from [8]; beware: the axes are oriented differently. In (a) and (b)
a finite width η (see Eq. (4)) has been given to peaks that would
otherwise be Dirac δ-functions.

limit. In that case, the exact solution is known [8] and can
be used to assert the effectiveness of the method we propose. One sees from Fig. 2 the main benefits of CPT :

3. One perform the residual Fourier transform (27)
The merits and limitations of this method have been
commented on in Ref. [6] and we will avoid repeating what
was done in that paper. However, let us stress the most important points, by comparing the spectral function A(k, ω)
obtained by this method to what is obtained by an ordinary exact diagonalization and to the known exact solution
in a very special case: that of the one-dimensional Hubbard model with nearest-neighbor hopping t in the U → ∞

1. The number of wavevectors is as large as one wishes.
the exact diagonalization yields only L/2 + 1 = 7
wavevectors from k = 0 to k = π, in contrast to
CPT, for which 32 wavevectors are displayed.
2. The number of poles of the Green function (i.e.,
peaks in the spectral function) is larger in CPT than
in an exact diagonalization, even though both methods proceed through almost identical Lanczös se-

While it is difficult to dismiss this procedure from the start,
an explicit calculation shows that it fails (Fig. 3) to reproduce a key feature of the known properties of the onedimensional Hubbard model : the appearance of a Mott
gap for all values of U . Indeed, it is known from the exact
solution of the Hubbard model [9] that a gap opens in the
spectrum as soon as the interaction U is turned on. This
is also the behavior observed in CPT. By contrast, Fourier
transforming the cluster self-energy leads to a Mott transition at U/t = ∞ instead of U/t = 0. Notice, however, that
this approach, like CPT, is exact in the two limiting cases
U/t = 0 and U/t → ∞.

(a)
0
k

π
(b)
0

3.3 Alternative II : Minimal self-consistence

k

π
-7.5
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0

2.5

5
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ω
Figure 3. The spectral function of the one-dimensional Hubbard
model at U = 10t and n = 1 (half-filling), as calculated from (a)
the CPT procedure of Sect. 3.1 and (b) from a Fourier transform
of the cluster self-energy. One notices in the latter the appearance
of spectral weight within the Mott gap.

quences with the same number of steps, and therefore the same number of floors in the continued
fraction representation (22). The difference is that
the CPT Green function formula (28), like Dyson’s
equation, rearranges these poles and the corresponding residues to something closer to the thermodynamic limit.
Moreover, the method falls back on the exact result in the
U → 0 limit, as well as on the trivial atomic limit in the
tij /U → 0 limit. One thus expects it to be applicable in
between, in the intermediate coupling regime (tij ∼ U ).
3.2 Alternative I : Fourier transform of the self-energy
One possible alternative to the procedure described
above would be to restore the translation symmetry by taking the Fourier transform of the self-energy rather than that
of the CPT Green function. Explicitly, this amounts to calculating
Σ(k, ω) =

L
1 X (c)
Σab (ω)e−ik·(ra −rb )
L

(29)

a,b=1

where Σ̂(c) is defined in Eq. (11), and then to write the full
Green function from Dyson’s equation:
G(k, ω) =

1
ω − ε(k) − Σ(k, ω)

(30)

CPT is not a self-consistent procedure. This means that
the CPT Green function GCP T (k, ω), when Fourier transT
formed to calculate the local Green function GCP
(ω),
ab
(c)
does not yield the cluster Green function Gab (ω) calculated by exact diagonalization. This is no surprise, since
(c)
Gab (ω) feels the effects of the cluster boundary, while
T
GCP
(ω) is translation invariant.
ab
One possible variation of the CPT method would be to
make it self-consistent at that level : the local Green funcT
tion GCP
(ω) calculated from GCP T (k, ω) would be used
ab
to obtain a new CPT Green function through Eq. (28) and
then Eq. (27), thus closing the self-consistent loop, which
would be iterated until convergence. When doing so, it
turns out that the self-consistent solution obtained is identical to what would be found by applying the CPT procedure
to a cluster with periodic boundary conditions. Using periodic boundary conditions is possible in CPT provided the
hopping terms that need to be added to the cluster to make
mn
, as described in [6].
it periodic are also subtracted in Vab
In other words, the periodic-cluster version of CPT is selfconsistent in its spatial dependence. Unfortunately, it is
also further from the exact solution than the open-cluster
version, as explicitly illustrated in [6]. Thus, it appears that
self-consistence is not necessarily a virtue.

4 Relation to other cluster approaches and
Outlook
In Cluster Perturbation Theory, a cluster is embedded in
its environment by Dyson’s equation only. There are other
methods currently or recently developed that simulate the
cluster’s environment, i.e., the rest of the lattice, by a bath
of fermionic levels chosen in a self-consistent way. These
are the Dynamical Cluster Approximation (DCA) [10] and
the Cellular Dynamical Mean Field Theory (CDMFT) [11].
They are both offshoots of Dynamical Mean Field Theory
(DMFT), in which a “cluster” of one site is embedded in a
self-consistent bath (for a review and additional references,
see [12]). Common to DCA and CDMFT is the need to
couple the Hubbard model defined on a cluster with an Anderson impurity model (the bath). The whole system (bath
+ cluster) is then solved, for instance by Quantum Monte

Carlo or exact diagonalization, which implies in the latter
case that the physical size of the cluster has to be small
(e.g. 4 to 6 sites) to leave space for the bath. The DCA
and CDMFT differ in that the former is a momentum-space
technique using periodic boundary conditions on the cluster, whereas the latter is a real-space technique using open
boundary conditions. CPT does not use a bath, and thus
can handle bigger clusters. But it is not self-consistent as
the DCA and CDMFT are.
Cluster Perturbation Theory has limitations : In its
present state, it cannot handle more than the one-particle
Green function, i.e., susceptibilities cannot be calculated.
Long-range order is also unaccessible, because of the small
cluster sizes involved and the absence of self-consistence.
This being said, CPT passes the test very well when compared to the available exact results in one dimension. It is
also capable of accounting for the experimentally observed
disappearance of the Fermi surface in high-Tc superconductors [13]. A finite-temperature version of CPT is under
development, and already gives interesting results on a 2×2
cluster. Future development will also include treating an
ordered state self-consistently. Eventually, it is hoped that
some mutual enrichment, if not convergence, will occur between the various cluster techniques for strongly correlated
electron systems.
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