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Parallel computing algorithms for the finite element method have been developed to simulate multiscale large deformation plasticity
problems. Due to the nature of these problems and the computational methods involved, different parallel computing techniques must be
employed for the Taylor-type crystal plasticity (TFE) and the so-called “finite element per single crystal” (FESC) models. For the FESC
model, the global stiffness matrix is formed in parallel and a parallel solver employing a number of Krylov iterative methods is used to
solve the systems of equations. For the TFE model, a data parallel implementation technique is employed. This technique provides a large
reduction in the storage required on a single processor and thus allows for an effective solution of computationally demanding crystal
plasticity problems. The efficiency and the performance of the parallel finite element models that have been developed are investigated by
comparing simulations performed on an IBM POWER3 SP parallel supercomputer.
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,QWURGXFWLRQ
Metal forming has, for a long time, been an important
processing operation. In many manufacturing areas such
as the automotive, aerospace, packaging and electronic
industries, the optimization of metal processes has
become a key factor to reduce product development time
and final cost. In general, metal forming involves large
strains due to stretching, drawing, bending or various
combinations of these basic deformation modes. From the
view point of mechanics, the analysis of metal working
involves nonlinearities in geometry, material and contact.
In an effort to better understand metal forming processes,
various research works have been carried out using
diverse technologies involving experimental, analytical
and computational methods.
Essentially two classes of models have been developed
for numerical simulations of metal forming operations:
phenomenological (macroscopic) models and polycrystal
(microscopic) models. Metal forming can be modelled
accurately based on crystal plasticity theories where the
initial texture and its evolution, as well as the anisotropy
induced by the evolution of microstructure and
microscopic properties, are accounted for [1, 2, 3, 4, 5].
The mathematical modelling of material behaviour is a
very effective way of reducing time and costs involved in
optimizing manufacturing processes. Indeed, numerous
complex forming operations have been simulated using
numerical methods in order to predict critical parameters.
Among these methods, the finite element method (FEM),
has been widely applied to the study of metal forming

because of its flexibility, accuracy and efficiency.
Considering the rapid advancement of computer
capabilities, the finite element method has become a
powerful tool in modelling metal forming operations.
Up to the 1980’s, most applications involving the finite
element method have been based on phenomenological
constitutive models since microscopic models involve
significantly more demanding computations. However the
introduction of parallel computers has rendered metal
forming modelling based on crystal plasticity feasible since
they offer more computational power and storage than
serial computer architectures. With proper parallelization
techniques, realistic applications based on crystal plasticity
can be performed on parallel computers such as the IBM
SP3. Beaudoin et al. [6] presented a data parallel
formulation for the analysis of polycrystalline solids where
parallel computing algorithms were considered for both
crystal equations and the iterative solution procedure. Later
on, Sorensen and Andersen [7] developed a parallel finite
element method suitable for the analysis of 3D quasi-static
crystal plasticity problems. This method was based on
substructuring of the original mesh into a number of
substructures which were treated as isolated finite element
models related via the interface conditions. Their method
showed a good speedup with increasing number of
processors.
In this paper, parallel computing algorithms for both the
finite element method and crystal plasticity theory have
been developed to simulate the plastic deformation of
polycrystalline solids. First the parallel computing
algorithms that have been developed for the Taylor-type

crystal plasticity (TFE) and the so-called finite element
per single crystal (FESC) models are described
respectively. Then the efficiency of the parallel computing
algorithms that we have developed are discussed by
comparing simulations performed on the parallel
computer IBM RS/6000 POWER3 (WinterHawk2) SP.
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In this section parallel computing algorithms
developed for the TFE and the FESC models will be
described. Due to the nature of these problems and the
computational methods involved, different parallel
computing techniques had to be developed. For the TFE
model, parallelization focuses on the crystal aggregate,
while for the FESC model, the finite element domain is
divided into subdomains.
&RQVWLWXWLYH0RGHO
A rigorous framework for the kinematics of the finite
plastic deformation of a crystal has been firmly
established for some time. This basic formulation has
been incorporated into a rate-dependent description of
crystal plasticity constitutive relations. For details of this
formulation we refer to [8].

(crystal data) over the processors of the IBM SP3 parallel
computer. By this method, the global size of the simulation
is distributed between the processors of the parallel
computer. To illustrate this, consider a simulation with a
total number 1 of crystals (Fig.1). The basic idea in the
finite element formulation is that each material point is
representing a polycrystal comprised of 1 crystals and the
constitutive response is given through the Taylor
polycrystal model (Fig. 1a). The global crystal data is
distributed between the processors (Fig. 1b) such that each
processor runs a part of the global program for % = 1 / $
crystals where $ is the total number of processors used in
the simulation. (Note that the processors read only the
crystal data to which they are assigned and all arrays
containing microscopic quantities have the maximum size
of % instead of 1.) Thus all processors compute
microscopic arrays (for the set of crystals that they have
assigned) independently. However, to compute the global
stiffness matrix, the macroscopic values of stresses, stress
rates and the moduli are required (eqn. 1). These values are
obtained by collective communication between the
processors using the Message Passing Interface (MPI)
Library. Note that,
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For polycrystalline simulations based on the Taylor
hypothesis (TFE), the microstructural calculations for the
stress and crystal reorientations are essentially
independent. At a material point representing a
polycrystal of 1 grains, the deformation in each grain is
taken to be identical to the macroscopic deformation of
the continuum. Furthermore, the macroscopic values of all
quantities, such as stresses, stress-rates and elastic moduli,
are obtained by averaging their respective values over the
total number of grains at the particular material point.
In general, Taylor-type polycrystal models are ideally
suited for the parallelization of the computational
procedures. Especially, when CPU time is considered, the
simulations fall in the category of “embarrassingly
parallel” (e.g., Sorensen [7], Inal [9]) applications, and
they provide significant computational improvements.
However, such “embarrassingly parallel” applications are
strictly feasible only if the total program size fits within a
single processor of the parallel computer. This is not
always the case for simulations with TFE models since
they involve extremely demanding computational
resources due to the amount of information at the grain
level that must be tracked.
The parallel algorithms employed in the TFE model
are designed to distribute data on the microscopic level
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Figure 1 (a) Polycrystal aggregate comprised of 1 crystals,
(b) the distribution of this polycrystal aggregate between
processors

that, after this communication, although macroscopic
values of stresses, stress rates and the moduli are
computed, microscopic values of these tensors are still
stored since the microscopic quantities are updated each
increment. As a result, each processor has its own
microscopic data; however, all of the processors have the
same macroscopic data. We should mention that the total
number of crystals should be distributed as evenly as
possible between the processors. Otherwise the large
difference in the number of crystals per processor
adversely affects the CPU time per processor, and in such
cases blocking commands are required during
communication between processors. To avoid this the
parallel algorithms developed here distribute the crystals
as evenly as possible among the available processors.
The size of any array storing microscopic quantities is
equal to 0, where 0 is equal to the product of the number
of elements times number of integration points times
number of crystals times number of slip systems. For the
simulation presented above, the mesh consists of 1792
elements with 4 integration points per element. The initial
texture is represented by 400 discrete orientations in Euler
space, and with 12 active slip systems per crystal 0
becomes
0 = 1972 x 4 x 400 x 12
0 = 34406400
Table 1 compares the CPU times for the above problem
obtained from simulations with various number of
processors. Note that we start comparing results with 16
processors, since this is the minimum number of
processors required to provide enough memory for our
global data. It can be seen that the parallelization
employed in the TFE model provides an excellent speedup with values very close to the theoretical maximum
achievable speed-up by parallel computing.
No. of processors
16
24
32
56

CPU time (s)
169,200
113,557
85,454
48,760

Speed-up factor
1
1.49
1.98
3.47

Table 1. CPU time and speed-ups as a function of the
number of processors
3DUDOOHO&RPSXWLQJIRUWKH)(6&0RGHO
The FESC model utilizes finite element methodologies
to discretize the crystals of an aggregate using one or
more elements for every crystal. In this model, a
polycrystalline aggregate is treated as a continuum where
both compatibility and equilibrium among the individual
grains are automatically satisfied.

Parallel computing algorithms developed for the FESC
model are completely different than the algorithms
developed for the TFE model since, due to the basic
assumptions of modelling, they require significantly less
memory. For the FESC model, parallel computing
algorithms focus on the finite element mesh and the
solution procedure.
In general, the global finite element equations can be
written in the form

[. ] {X& } = { )& }

(1)

& } is the vector
where . is the global stiffness matrix, {X
containing the unknown incremental nodal displacements

[ ]

and

{ )& } is the vector of applied incremental nodal forces.

Note that, due to the nature of finite elements, . is a Q x
Q sparse matrix where Q is the total number of degrees of
freedom within the system. To reduce storage requirements,
the “ skyline” storage strategy is adopted since this has the
effect of reducing the number of zero terms that would be
stored in a vector due to bandwidth variability using
conventional methods.
A parallel solver employing a number of Krylov iterative
methods is used to solve the systems of equations. The
parallel solution process is carried out in two steps:
- The global stiffness matrix is formed in parallel. To
illustrate this, consider a simulation with the finite
element mesh comprised of 16 elements (Fig. 2a).
This finite element mesh is divided into 2
subdomains with 8 elements (Fig.2b) and each
subdomain is assigned to a single processor. Once
input is read globally, each processor starts to
compute the elemental stiffness matrix for the
elements in their subdomain. All vector elements are
explicitly stored on the processor and are defined by
a set of indices referred to as the processor’s “ main
set” . The “ main set” is further divided into two
subsets: “ internal” and “ border” . A component
corresponding to an index in the “ internal set”
performs all computations using only information
on the current processor. The “ border set” defines
elements that would require values from other
processors in order to compute correct global values
(line A-A’ in Fig. 2b). Thus, a component
corresponding to an index in the “ border set” is
computed by point-to- point communication using
the MPI Library between the processors that share
information. Note that, if the finite element mesh is
distributed evenly between the processors, blocking
commands are not necessary during these point-topoint communications. However, if one of the
subdomains is a contact surface, it is obvious that

[ ]

special attention must be paid to the point-to-point
communications between the processors.
-

The iterative parallel solver employed in our code
was specifically designed to solve the linear
systems of equations $[ = E where $ is a sparse
matrix. However, it has already been mentioned
that the global stiffness matrix was stored in 2
vectors: A (contains the non zero terms in the
upper diagonal) and C (contains the non zero
terms in the lower diagonal). Thus, from these 2
vectors the global stiffness matrix must be
reconstructed. This is performed by creating
pointers and an integer vector which holds
information regarding the position of the diagonal
terms and the non zero terms to be stored up to
each diagonal term. Note that the global stiffness
matrix in never constructed completely; using
pointers, it is constructed block by block on the
processors. Once the equations are solved,
updating of all quantities is performed in parallel
without any communication.

To assess the efficiency of the parallel computing
algorithms that have been developed for the FESC model,
plane strain tension of a commercial aluminum alloy was
simulated with 8000 elements. Figure 3 presents the
speed-up curve for a simulation where the total number of
equations Q = 8181. It can be seen that a maximum speedup of 2.8 (saturation value) was obtained with 8
processors; when more than 8 processors are employed,
the speed-up starts to decrease. These results are expected
since the communications performed during the parallel
iterative solution process involving a sparse matrix are
much more costly (in terms of CPU) in comparison to
solutions involving a triangular or a diagonal matrix.
However, it should be noted that the performance of
parallel computing will noticeably increase when the
number of the equations to be solved is increased.

Figure 2 Domain decomposition for the finite element
mesh
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Figure 3 Speed-up as a function of the number of
processors

&RQFOXVLRQ
In this paper, parallel computing algorithms that have
been developed for both the finite element method and
crystal plasticity theory to simulate plastic deformation of
polycrystalline solids were discussed. The combination of
polycrystal plasticity theory and modern parallel processing
provides a powerful tool for the analysis of plastic
deformation for a large class of engineering materials.
The TFE model demands significant amounts of memory
and CPU time due to the amount of information at the grain
level that must be tracked. Thus parallel computing
algorithms were developed to distribute the global
polycrystal aggregate into smaller aggregates between the
processors. With this technique, the total capacity of all
processors combined can be employed for the numerical
simulations.
The FESC model requires significantly smaller memory
compared to the TFE model. Thus parallel computing
algorithms were developed to improve CPU time where the
global stiffness matrix was computed in parallel (employing
“ skyline” storage), and the global systems of equations
were then solved in parallel using an iterative solver. The
efficiency of this type of parallelization depends directly on
the total number of degrees of freedoms for the finite
element system of equations. As the total number of
equations to be solved increases, the performance of
parallel computing will improve.
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